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ABSTRACT 


— Let  .  .  .  ,  be  (k+1)  normally  distributed  populations 

and  let  Ilv  be  a  control  population.  Our  goal  is  to  select  those 
OH 

populations  which  are  sufficiently  close  to  the  control  in  terms 
of  the  (unknown)  means  of  the  populations.  A  zero-one  type  loss 
function  is  defined.  r-minimax  rules,  Bayes  rules  and  minimax 
rules  are  derived  for  this  problem  and  compared.  Some  optimal 
properties  of  fi-minimax  rules  are  shown;  also  /  f'-min imax  rules 
are  derived  for,  distributions  other  than  the  normal. 
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ON  T-MINIMAX,  MINIMAX ,  AND  BAYES  PROCEDURES  FOR 
SELECTING  POPULATIONS  CLOSE  TO  A  CONTROL* 

by 

Shanti  S.  Gupta  and  Ping  Hsiao 
Purdue  University  and  University  of  Michigan 

1 .  Introduction  and  summary 

Problems  of  selecting  populations  close  to  a  control  a rise 
frequently  in  industrial  production,  in  situations  such  as  for 
matching  parts.  Assume  that  we  have  (k+1)  populations  and  one 
of  them  is  the  control  or  standard  population.  Our  goal  is  to 
select  those  populations  which  are  sufficiently  close  to  the 
control.  Many  authors  have  considered  problems  of  comparing 
populations  with  a  control  under  different  types  of  formulations. 
Paulson  (1952),  Bechhofer  and  Turnbull  (1974)  discussed  problems 
of  selecting  the  best  population  if  the  best  population  is  better 
than  the  control.  Dunnett  (1955),  Gupta  and  Sobel  (1958)  considered 
problems  of  selecting  a  subset  containing  all  populations  better 
than  the  control.  Lehmann  (1961),  Tong  (1969),  Randles  and 
Hollander  (1971)  dealt  with  problems  of  selecting  populations 
better  than  control.  For  problems  of  classifying  a  set  of 
populations  into  three  groups  which  are  'superior',  'inferior' 
and  'equivalent'  to  a  control,  see  Kim  (1979)  and  Gupta  and  Kim 
(1980)  and  related  references  therein.  However,  not  much  work  has 
been  done  for  the  problem  of  selecting  populations  close  to  a  control. 

*T!his  research  was  supported  by  the  Office  of  Naval  Research 
contract  N00014-75-C-0455  at  Purdue  University.  Reproduction 
in  whole  or  in  part  is  permitted  for  any  purpose  of  the  United 
States  Government. 
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Singh  (1977)  and  Gupta  and  Singn  (1979)  considered  this  problem 
and  derived  Bayes  (and  empirical  Bayes)  rules  for  various  distri¬ 
butions.  In  this  paper,  r-minimax  rules  for  selecting  populations 
close  to  a  control  are  derived,  and  these  are  compared  with 
minimax  rules  and  Bayes  rules  for  robustness  against  the  prior 
information.  In  Section  2,  definitions  and  notations  are  intro¬ 
duced  and  a  decision  theoretic  formulation  of  the  problem  is  given. 
Results  in  Section  3  and  Section  4,  deal  with  the  cases  when  all 
populations  are  assumed  to  be  normally  distributed.  r-minimax 
decision  rules  are  derived  when  the  control  parameter  0^  is  known, 
and  restricted  T-minimax  rules  are  derived  when  GQ  is  unknown.  In 
Section  5,  some  optimal  properties  of  r-minimax  rules  are  found. 

In  Section  6,  results  of  Section  3  are  generalized  and  1 -minimax 
rules  are  derived  for  distributions  other  than  the  normal. 

T-minimax  rules  for  selecting  binomial  populations  with  large 
entropy  are  also  discussed.  In  Section  7,  0q  is  treated  as  an 
unknown.  Bayes  rules  are  found  under  the  assumptions  that  U.  has 
a  normal  prior  distribution  with  mean  .jo  and  variance  I'.  •  ,  i  -  0, 
l,...,k,  which  are  assumed  known.  Minimax  rules  are  also  derived 
in  this  section.  And  Bayes  rules,  T-minimax  rules  and  minimax 
rules  are  compared  in  Section  8  in  terms  of  the  Bayes  risk,  the 
maximum  risk  over  T  and  the  maximum  risk  over  all  the  possible 
prior  distributions. 


2 .  Notations 
Let  n q , n 
means  0^ , G ^ , . 
Assume  that  i! 


and  formulation  of  the  problem. 

.,..., n,  be  (k+1)  independent  normal  populations  with 

i.  K 

g  o  2 

, ,  respectively. 


2  2 

0^  and  known  variances  ',^,0^,.. 


the  control  population,  with  mean  which  may 


3 


be  known  or  unknown.  For  U  ^ ,  .  .  .  ,  J]^ ,  the  treatment  populations, 
0l'‘"‘'®k  are  assumeci  to  be  unknown.  When  6g  is  unknown, 

let  0  =  (0q , 0 ^ , . . . , 0^)  and  X  =  ( XQ , , . . . , X^)  where  is  an 
observation  from  IK,  i  =  0,1,..., k.  When  0g  is  known,  no 
observation  from  Ilg  is  taken,  and  0g,  Xg  are  deleted  from  0  and 
X,  respectively.  When  there  is  no  confusion,  0  and  X  are  used 


to  represent  either  case.  Let  0  be  the  parameter  space  and  >,  be 
the  sample  space.  For  i  =  l,2,...,k,  define  |  1 0  g  |  ■ 

and  IK  =  { GC3 )  |CK-0q|  >_  A+t  ]  where  A  and  c  are  given  positive 
constants.  IK  is  said  to  be  good  (or  acceptable)  if  0€G.  and 
bad  (not  acceptable)  if  0€IK.  We  consider  decision  rules  of  the 


form  6 (x)  =  (6 ^  (x) 


Ak (x) ) ,  where  6^(x)  denotes  the  conditional 


probability  of  selecting  IK  as  a  good  population  given  X=x.  The 


objective  is  to  select  all  the  good  populations  while  rejectinu 


all  the  bad  ones.  Let  L^  be  the  loss  incurred  when  we  fail  to 
select  a  good  population  and  L£  the  loss  for  each  bad  population 
selected.  The  the  loss  function  is  defined  by 


k 

L(0,S)  =  l  L.(l-6.)Ir  (Q)+L,6.I„  (0) 
.‘'.1  l  G.~  2  1  B  .  - 

1  =  1  1  1 


(2.1) 


Where  I.  denotes  the  indicator  function  of  A.  We  assume  that  the 
A 

partial  information  available  is  of  the  form:  IK  has  probability 
a.  to  be  good  and  probability  A !  to  be  bad.  Let  >  =  (>,,-..,') 

1  1  IK 

and  a  1  =  ( A  | ,  .  .  .  ,  >  k)  .  We  define  .-a*  =  Krji  is  a  prior  distribution 
on  •)  )  ,  and  F  =  !'(>,>. ')  =  (i£9*|p  (G.)  =  P  (B.)  =  >!,  for 

'ti  ill  l 

i  =  1 ,  .  .  .  ,  k }  ,  where  0  A  .  +  a  !  •_  1  and  P  .  ( A)  =  / d  i  ( ‘< )  •  Then  , 

11  A 

i  (a,a')  denotes  the  class  of  all  the  prior  distributions  which 


summarizes  our  information  about  9.  We  restrict  our  investigation 
to  this  class.  Let  R (0 , 6  )  =  [L (0 , 6  (X)  )  ]  and  r  (i  ,  A )  =  F.  |  R  (o  ,  .S )  1  . 
In  this  framework,  an  ith  component  problem  is  concerned  with  the 
selection  or  rejection  of  IK.  Then  R^(0,6^)  =  Ef)  (L^  *  (u  ,6  ^  )  ] 
and  r^^(T,6^)  =  (0  ,<K  )  ]  denote  the  risk  function  and  the 

Bayes  risk  function  of  the  ith  component  problem,  respectively.  It 
is  found  that 

3c  ,  Jc 

R  ( 6 , 6 )  =  l  R(l)(6,6.)  and  r{i,6)  =  £  r  ( 1 1  (i  , 6  .  )  . 

~  '  i=l  ~  i=l  1 

A  rule  6*  is  called  a  F-minimax  rule  in  D  if 

sup  r(i  ,6*)  =  inf  sup  r(t,6) 
t€T  '  66D  x^r 

where  D  is  a  class  of  decision  rules. 

3.  Derivation  of  a  F-minimax  rule  when  is  known. 

In  this  section,  0Q  is  assumed  to  be  known.  We  define 
Gil  =  ^tGi|G.=B0+A}  ,  Gi2  =  {eeC3i|6i=0()-A}  ,  Bil  =  {  06  B  .  |  0  .  =0  Q+A  +  >  I 
and  B  =  {  0€B,  j  0  }  .  Let  6  .  (x)  =  6.{x.)  be  an  ith  component 

decision  rule  and  let  g .  ( 6  -  )  =  En  [  6.  .  ( X  . )  )  ,  then  we  have 

11  tj  ^  1  1 

Lemma  3.1.  For  any  fixed  i,  if  inf  g.(«.)  =  q.(0„+A)  =  q.(c  ,,-A) 
- 1  ()€g^i  i  J  i  0  Ki  0 

l 

and  sup  g.  (0.)  =  g ,  ( (l  n+A  +  i  )  =q  .  ( 0  „-A-.  )  ,  (3.1) 

0€B.  1  u  1  u 

i 

then 

sup  r  ( 11  (I  ,  6i)  (1 1  (  i  0  ,  i  )  for  all  i  :  Q  ( i )  , 

r0(i)  =  i,er|pl(Gilep1(Gi2).ii,Pl(Bil)*p,(Bi2)=>;i. 


where 
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Proof:  rll,(T,<S.)  =  /  E()  [L1  ( 1-fi  ±  (X)  )  ]  di  (9  ) 

G  . 

l 


+  /  Eq  [L20.i{x)  ]  d  i  (0) 
Bi 


1  L i A i~L i A .inf  g  .  (0  .  ) +LX !  sup  g  . (0  .  ) 

1  1e6G.  11  £  1  0€B. 

i  -  l 

'  Li»i-L1(Plo(Gii)9i(%«)*PioIGi2)9.(0o-A)l 

+  L2(  P,  o  (Billci  <<-0*A  +  ,  •♦P1#(B121<J1(v0-A-.H 

-  r  (u  <i0.V  £or  a11  ’o  €  r0lu  ' 

This  completes  the  proof. 


Theorem  3.1.  If  there  exists  a  t  *  €  fi  rn(i)  such  that  X*(x)  = 

i  =  ]  1 

A J(x.)  is  a  Bayes  rule  wrt  i  *  for  the  ith  component  problem  and  if 
(3.1)  is  satisfied  for  g-^CK)  =  EQ  [<‘>*(xi)]  for  all  i  =  l,2,...,k, 
then  *  =  (A X*)  is  a  !' -minimax  rule. 


Proof : 


sup  r  ( t  ,(*■*)  <_  \  sup  r  1  ( i  ,  6  *) 

i  £ 1  '  i  =  l  t£f  1 


=  }'  r  (1)  (.*,'*) 

i  =  l  1 


by  Lemma  3 . 1 


L.  r  1  ( i  * ,  ‘  )  =  r(t*,i)  •  sup  r  ) 

i= 1  ;£[ 

for  all  .  This  completes  the  proof. 


Lemma  3.2.  Let  the  pdf  f(xj")  of  X  be  TP ^  (Totally  Positive  of 
order  3).  If  q  ( " )  =  E  [1  (X)  ]  ,  and  for  some  ,  q  ( <  +  >• )  - 

"  1 3  ,  D )  U  U 

' I  < ” —  ' 0 >  '  t*ien  q  increasing  for  “  •  '  ^  and  hence  decreasing  for 


0 


Proof:  Let  h  (x)  =  I,  ..  (x)-c  for  c  t  (0,1),  then  q  (0 )  -  q(h)-r 

C  \3 1 D)  C 

where  g  (e)  =  En [h  (X)].  Let  S(h  )  denote  the  number  of  siqn 

changes  of  the  function  h  ,  then  S(hc)  =  2.  Now  by  Variation 

Diminishing  Property  (VDP) (Karlin  (1968),  see  p.  21)  it  is  seen 

that  S(gc)  <_  2  for  all  c  €  (0,1).  If  g  is  not  increasing  for 

6  <  0q,  then  there  exist  G  ^  <  t^2<  and  9^'i^  '  *3^'  2^'  Ij0t 

0^  =  and  0^  =  q~G  2 '  t^ien  9  p  N  gO'J)  •  We  that 

S(g  )  >  2  for  cn  =  1/2  [q  (0  .  )  +g  (0  9)  ]  ,  so  S(q  )  =  2.  But  <j  , 
cQ  u  i  ^  cq  ‘-q 

does  not  change  signs  in  the  same  way  as  h  does  which  contradicts 

C0 

VDP.  This  completes  the  proof. 

Now  let 


g 


o 


i 


(x) 


0.2! 


c  ,  \  1  ,x+A+r  .  .  .  , x-A->  .  , 

1  1  2  1  1 
x 


where 


<£  (x)  = 


/2n 


Then  we  have 


Theorem  3.2.  If  6t(x)  =  6J(xp  =  Jj_t  t.J*xi~'o'  and  ’  i 
satisfies 


L9A'f  (t.) 

/  1  U  .  1 

1 


L  i  X  i  9  ( 7  (tp  for  i=l  ,  .  .  .  ,  k  , 


a.  3 ) 


then  6*  =  (;<£,...,  A*)  is  a  I -minimax  rule. 

Proof:  Let  i  *  c  r  be  a  prior  distribution  on  B  such  that  <' 


1  ,  j  >  ■  ■ 


are  independent  under  i  * ,  and  P  <k(B^"!,g  +  A+  p  =  l-‘.  .-Xj,  p  t  (<■ 


P  *  (G  ., )  =  4,  P  *(B  .  )=P  *  (B  .  .) 

i*  1 2  2  i  *  1 1  i  *  i2 


fur  i  =  1 , 2  ,  .  .  .  ,  k 


k  .  x  .  -  0  . 

Let  f(xjn)  =  i:  —  4  (— - - -)  ,  then  wo  have 

i=l  °i  °i 
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rU)  (  t  *  ,  6  i )  =  /L1(l-6i(x))  l 

X 


OcGiluG.  2 


f (x|0)Pt*(0) 


+  L  6. (x)  £  f (xj0)P  *(6)dx. 

'  5^ilUBi2  '  ~  1  ~  ' 


U6Gil 

If  we  let  C(xlf . . . *xi_1,xi  +  1, . . . , x^)  =  ^ — — 


l  f(x|0)P.r*(«) 


.  x . -6  _-A 
i  1  w  i  0  , 

~2  —  - 1 

1  1 


l  f(x|«)PT*(0)  l  f ( x | 0 ) P  * ( 0 ) 

r  r'  ~  *  ~  n  £  r>  ~~  t 


B€G 


i2 


0€B 


il 


A  .  .  x . -O  _+A 

2  0  i  0  i 
l  f(x|0)PT*(O) 
B€Bi2  ~  ~  ‘  ~ 

H  i  .  ,xi-°o+A+r 

~~2  cT7  *  ( - 5 - 


A!  .  x  .  -f>  -A-r 

i  i  if<u_° — i 


2  o  . 

l 


,  then 


ci 


r  * 1  ^  ( r  *  ,  <S  ^ )  =  l/2/L1AigQ  (x -6Q)Clx1 ,  .  .  .  ,  x._1  ,xi  +  1 ,  .  .  .  ,  xk)  dx 
X  i 

+  l/2/6i (x)  [L2X|f0,  (xi-00)-L1A.go>  (xi-0o)]c(x1 . x i _ l ' x x  +  3  ' - - 


x^ )  dx 


Hence  the  Bayes  rule  for  the  ith  component  problem  wrt  i *  is 

1  if  Vigo.(Xi"V-L2Xifn.  (xi“V 


>S*  (x) 


fti<xi>  =  r 

'  0 


if 


Let  h  ^ (x)  = 


(x)  cosh [— j  ( A  +  j  ) ] 

1j  _  A  <  ( »  ♦  O  • 

2  l  i _  =  k  _ i 

L  A.g  (x)  i _ u  r  x 


1  i^c  . 

l 


cosh  [ 


2 
o  . 

i 


L  A 

where  k . =  - — r—  exp [-  — ~  ( 2A  +  i  )  ]  ,  then  h.  (xl=h,  (-x)  andh.(x)  is 

1  LlAi  2 n  1  1  1 

l 

increasing  for  x  0,  hence  h^(x)  1  if  and  only  if  j  x ,  ■  t^, 


whf'ro  t  0  satisfies  h  (t.)  =  1.  So,  A*(x  )=I,  ,(x. 

1  A-l  1  1  |  t  -  ,  t  -  J  ] 


1  1 


0  '  • 


8 


Now,  if  gi(@i)  =  E0  t 6  *  ( X± )  1  ,  we  find  ( 6  i+0  Q)  =gi  ( «Q-0  A  )  . 

2  1 

Also,  'v  N  so  pdf  of  Aib  is  I’P/  hence  TP^  from 

Karlin  (1968)  (see  p.  18).  Now,  by  Lemma  3.2,  (3.1)  is  satisfied, 

then  Theorem  3.1  shows  that  5*  is  a  F-minimax  rule.  This  finishes 
the  proof. 

^  1  ^  ^ 

Let  A/A  '  be  defined  as  (t-^,  .  .  .  lT~)  .  If  T  (y  )  ={  tCB  *  I  P  (G.)/P  ( B  .  ) 

A1  Ak  1  1  ’  1 

Y  ^  for  i=l,2,...,k}  where  Y=  <Y  ^  <  Y  2  /  •  •  •  /  Yk )  »  then  we  have  !’(>)  = 

ij  F(A,A').  Since  <5*  depends  on  A, A’  only  through  A/A',  we  find 
A/A'=y  '  ~ 

sup  r ( 1 , 6 )  =  sup  sup  r(i,6) 

tMy)  ~  A /A  *=y  t€r  (A  ,A  '  ) 

>_  sup  sup  r  ( x  ,  6* ) 

A/V=Y  tG  F  (  \  ,-  '  ) 

=  sup  r ( r , 6  *) 

t€  r  (  y  ) 

hence  6*  is  a  F-minimax  rule  for  !  =  !’(>•). 

It  is  possible  that  (3.3)  does  not  have  a  solution.  In  this  case, 
the  r-minimax  rules  imply  that  all  populations  are  bad. 

4.  A  restricted  F-minimax  rule  for  0 ^  unknown. 

When  Oq  is  unknown,  decision  rules  are  restricted  in  a  subclass 
D' ,  where  D'  =  {  6=  ( 6  ^  ,  .  .  .  ,  <5^ )  |  A  ^  (x)  =6  ^  ( xQ  ,  x^  )  for  i-l,...,k.‘. 

That  such  a  restriction  is  needed  was  first  pointed  out  by  Handles 
and  Hollander  (14).  The  following  lemma  has  been  used  by  Mioscke 
(1979)  .  The  original  idea  of  this  lemma  is  due  to  Foruuson  (1907) 
and  Lehmann  (1959). 

Lemma  4.1.  Let  *3e  a  sequence  of  prior  distribut  i  ons  on 

0,  and  let  ?n  be  a  Bayes  rule  wrt  for  the  i  th  omiponcnl  prob  1  em . 

If 


9 


1  im  inf  y  ^  ( i  ,  6  9)  sup  y  ^  ^  ^  ( i  ,  <5? ) 

n*«*  n  in  .[6r 

for  all  i  =  1,2,...,  k,  then  6°  =  ( 50 , 60 , . . . , 60)  is  a  !'-minimax  rule. 
A  prior  distribution  t  on  9Q  x  0^  x...x  0^  can  be  specified 
by  the  marginal  distribution  T  on  0q  and  the  conditional  distribution 


_ j.x...x  0,  ,  given  0n=0ri.  We  use  r=(T,u>.,  )  to  denote  such 

1  o  1  K  u  u  0 


iii.,  on  0 


prior  distributions.  Let  t  =  (T  ,m*  ),  where  T  is  uniformly 

n  n  v  q  n 

distributed  over  the  interval  [-n,n]  and  0 ^ , 0 „ / • • • , 0 ^  are  condition¬ 


ally  independent  under  w*  ,  and 


0 


A  ! 


(BillV  =  P->*  4 


i  2  1  0 ' 


0 


0 


A 


,*  <Gill0O>  =  P<o*  {Gi2l60)  =  "T 
1  0  0 


(4.1) 


Pw*  {°l9i=00+A+  |}  =  1-Xi“Ai  for  i  =  1' - k- 

0  0 

Let  ai*  denote  the  conditional  marginal  distribution  of  0 .  under 
'  0  ,  i  1 

w,, *.  Then,  we  have 
°0 

Theorem  4.1.  When  0g  is  unknown,  a  F-minimax  rule  in  D1  is  qiven 
by  =  (-50,  .  .  .  ,A0)  ,  where  iS0(x)  =  Ij_t,  and  t[  0 

satisfies 


LlXig,,  •  (ti)=L2>  ifn  ’  {t[)  '  with  ai=(n0+C’i)  1/2 
i  i 


4.2) 


<1 .  ,  and  f  ,  are  defined  in  (3.2). 


n  : 

i 


Proof:  For  i  defined  above,  let  h  (x) 

n  •  > 


—  ;(-),  then 


r(i,|,n"'i >=/'/,  ,  l1'1-e „  „  [*i(x0,xin)de 

-n  •)  .  -  0.  a  0  i 

i  0  1  — 


0,i 


+  ! 


'i  "o 


2“f‘  ,  0  .  [  ^  i  {  XQ  »  X  i  )  Jd-.:*  C>i).ciTn(  "( 


L2Ef  , 

\+1  0'  l 


0  ,  l 
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=  1  1  4^  [%Jxi-Q0)ha0{x0-Q0)  kdbOdxidxO 


— OO  — oo 


-n  i 


L-A  J  n 


+  /  /6i(x0,xi){-|-iL  /f0.  (xi-e0)hon(x0‘e0)  I 


— OO  — oo 


-n  i 


2n  d90 


T~^  /^.(xi"0O)han(xO-6O)  kd60}dxidV 

-n  i  0 

Hence,  the  Bayes  rule  wrt  in  for  the  ith  component  problem  is 


n 


6in<xi'V  = 


1  if  Vi/fo..{V°O)hoo(xO'°O)d0O 


-n  l 
n 


i  LlXi  /go. (xi"V  V(x0~G0)d60 

-n  i  0 


'  0 


and  the  Bayes  risk  of  6 .  is  given  by 

in 


oo  oo 


r  (Tn'^in)  /  /  rain{“ITr  /go.  (Xi“G0)hon(x0-e0)d°0' 

—  ~  -  n  l  u 


-00  —  oo 


4r  /  fo.  (xi-vv(xi-vd00ldxidx 

-nr  0 


Now  consider  the  change  of  variables 


jx.=nyi+y0 

(x0=nYi-y0 


for  the  outside  two  integrals,  then  let  fio~nVi-,|o 
for  the  inside  integral. 


Since 


3 (xi,xQ) 


8  (yi'y0! 


=2n  and  h^ (x) =hQ (-x) ,  we  find 


0)00  LX.  n(yi+1) 

r(l)(V6in)=  /  /min  ,  90.  Vn0|ho' V^o’^O' 

n(y^-l)  r  0 


— oo  — oo 


L  A!  n(yi+1) 

-f1 /  ,  *0.(yo+Vhan(vVdVdyidy<r 

n (y^-1)  i  0 


It  is  known  that 


11 


r  1  .  ,x-a.  ,  ,x-b.  ,  1  .  , 


b-a 


ATT  2  AT 

/o  +n  /cr 


■) , 


+n 


hence 


/%  .  (ri0_a,h o  ‘n0"b)dn0=go!  (a“b) 


_oo  X 


and 


(4.3) 


/f0.  (rVa)ha  <n0"b)dr10=fa!  U"b)  ' 

•«>  l  0  l 


where 


j  =  (o^+Oq) 1/2 .  Now  by  Fatou’s  lemma  and  (4.3),  we  get 


lim  inf  r  ( ^  *  ( t  n  /  <S  ”n)  ^  /  /  mini  -  y  —■  go  ,  (2yQ)  ,  ~  j—L  f  0  .  (  2yQ )  Jdy^y 


00  1  ^l^i 


L~A  ? 
2  1 


-1 


(4.4) 


®  L.A-  L2Ai 

=  /  raini-^  g(j,(x),  ■—  f„,(x))dx. 

-00  i 


o : 

1 


On  the  other  hand,  for  all  t  =  (T,u>  )£T 

u0 

„<i>  ,,  x°1=  “ 


(•i,«i)=  /  /  ,  h(1~Eo  -0 

1  -00  |rt  -0Q|<A  A  i  0 

+/ 


[6?(X.-Xn)l)dwfl  (0.) 
1  1  u  D0,i 


,  n  ,  A+  L2E0.-0o{6i(Xi“XO)  Jdw0o  <VdT<V 

0  .  -0„  >  A+c  1  0  0/i 

’  1  0  — 

•'  L,  A.  [1-inf  g  ■  (n  ■  )  ]  +L,A  .’sup  g-(n-), 

-  1  1  |n.j<A  1  1  2  1 ! n • |>A+t  1  1 


1 1  — 


.0 


where  n ^  =  0^-0^ , (n ^ f 6 ^ (Y^ ) ]  and  Y^-X^-Xq. 

Since  Y . ^N ( n . , a ! 2 ) ,  so  as  was  shown  in  the  proof  of  Theorem  3.2,  we  have 


1  1 


and 


sup  g . (n • ) =g • ( A+r ) =g . (-A-r ) 

I  I  .  .  1  1  1 

|  h  i  I  >A  +  / 


inf  g.  (n . ) =g-  (A)=g.  (-A) . 

InJlA  111 


(4.5) 


Thus 


^^mrnrnmmm 
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(T,6p<L1Ai[l- 


g. (A) +g. (- A ) 


(i>'-  *°WT  '  f1-  '*■'  ’  Jl-'  "-]  +L„  A  f  [  — 


g  .  (A+c  )  +q  .  ( -A-i: ) 


2  i 


) 


“L,  X  . 

1  l 


L-X  !  . 

2  x  .0 


=  /  “2  fl-6i(yi)  Jgar  (yi)+  ~~2  6i(yi)fu!  (yi,dyi 


»  L, X .  L9X! 

=  /  mini  -2--1  ga  ,  (x)  ,  —  fQ  ,  (x)  }dx. 


(4.6) 


-»  l  l 

By  (4.4),  sup  r  (i  *  ( r ,  5? )  <  lim  inf  r  (t  ,  6?) 

xf.Y  n-*-°°  “  x‘ 

for  all  i=l,2,...,k.  Lemma  4.1  now  implies  that  A®=(6*? ,  .  .  .  ,  6?) 

—  1  K 

is  a  F-minimax  rule  in  D' .  This  completes  the  proof. 


5 .  Optimal  properties  of  the  r-minimax  rule . 

Suppose  that  we  have  n^  independent  observations  X^, 

Xi2,...,Xin  from  ni,  i=l , 2 , . . . , k . 
i 


Let 


n . 

—  I1  x. 
ni  j =  1  ^ 


then  the  F-minimax  rule  is  of  the  form 


l^i<Xini)  1  l-ti  (n^^)  ,ti  (ni)  )  ^in^^  °0) 


(5.1) 


where  t^(n^)  is  the  positive  root  of  the  equation 


h^(x)=k^  cosh  fn^  ( A+t  )  x/o  ?  )/cosh  {  rr  Ax/o  ?  )  =  1 
with  kj^  =  L2X  |/ ( L ,  \  ^ )  -  exp  { -n^  ( 2A  +  r .)  r/2o  ?  )  . 
Consider 

2  2 

f^(x)=k^exp{n^(A+t ) x/a  ^ }/exp{ n^Ax/o.  } 

and 

1  2  2 
g^(xi  =  j  k^expfn^  (A+f  )x/u^  l/exp(n^Ax/u^  f . 

Then,  g  ^  ( x )  h  ^  ( x )  <_  f^(x),  for  x  >  0. 


13 


Let  r^(n^)  and  s^(n^)  be  tlle  on^y  positive  root  of  g^(x)=0  and 
f^(x)=0  respectively,  then  r^(n^)  i_  t^(n^)  il  s^(n^). 


oU«(L,A!/2L  A  ) 

Now,  r  .  (n.  )  =  A+  ^  -  — - — - — — 

11  2  n^c 


„^„(L2ii/L1Xil 
si  ni  ’  A+  2 - Sp - 


hence  lim  Y^(n^)=lim  t^(n^)=lim  s^(n^)=  A+  j* 


n  .  -*■“> 

l 


n^-*00 


Then , 


lim  inf  E,> 

ni>«|oi-0()[<_A  i 


E0.^(*in.)] 
l  l 


t. (n.)-A  -t . (n . ) -A 

=  lim  K  (  --- - )  -  4>( — - )  ]  =1 

n  .  •+»  o  .  /n  .  o  .  /n  . 

l  li  ii 


(5.2) 


lim  sup 

n  .  ♦<*>  I  0  .  -0  I  >  A+e 
i  1  l  0 1  — 


E,).[5t<5ir.>l 
1  1 


t .  (n  .  )  -  (A+f  )  -t .  (n  .  )  -  (A+f  ) 

=  lim  [<M- i— - )-♦(-— ^ - )]  =  0, 

n .  u  .  /n  .  o  .  /n . 

l  ii  ii 


(5.3) 


for  all  i=l,2,...,k. 


Theorem  5.1 


sup  r ( i , A * )  =  0 , 


min(n^,...,n^)  r c.  1 


where  A*  =  (A*,...,6A)  is  the  I-minimax  rule  with  A  f  defined  by 
IK  i- 

(5.1) ,  for  i= 1 , 2 , . . . , k . 


sup  r(i,A*)  <_  J  sup  r^^([,A*) 

rCF  i  =  l  iCF 


Proof  : 


<  l  L.  A  , (1-  inf  Eh  [6J(X.  ) ]) 

—  •ill  i  a  A  i  . .  y .  i  in  ■ 

1=1  !0i-eo'i&  1  1 


+  L2A[  suP  Efl  {6 ♦ ( X .  )) 

2  1|L..-G0l>A  +  t:  °i  1  lni 


Hence,  by  (5.2)  and  (5.3) 


lim  sup  r(t,<5*)  =  0.  This  completes  the  proof 

min  (n^ ,  .  .  .  ,  n^)  *«•  t6F 

When  9q  is  unknown,  let  6^=  (5^,  .  .  .  ,<S^)  and 

5i (xind ' X0nQ) -I[-t^(ni,nQ),t|(ni,n0) ) (^ini  ^On^ ' 

2  2 

where  t|(n^,nQ)  is  defined  in  (4.2)  with  and  oQ  replaced  by 


2  2 

°i//ni  an<^  °0/n0  resPectively.  Then 


min  (nQ,  .  .  .  ,  nk)  ►•*'  ttf 


sup  y  (  i  ,  «S°)  -  0 


also  holds.  The  proof  is  thus  similar  to  that  of  Theorem  5.1  and 
is  omitted. 

In  deriving  the  r-minimax  rule  6*,  we  have  proved  that  A*  is 
a  Bayes  rule  wrt  r*.  It  is  easily  seen  from  (3.4)  that  A*  is  the 
unique  Bayes  rule  wrt  i  * ,  and  hence  it  is  admissible. 

Theorem  5,2.  When  0 ^  is  unknown,  the  !' -minimax  rule  <S °=  ( A  j  k  ) 

is  admissible  in  D1. 


Proof:  Let  Tq=(Tq,w*  )  be  a  measure  on  -J  such  that  Tg  is 

Lebesgue  measure  on  9n  and  m*  is  defined  by  (4.1).  Then  for 

u  ,Q 

k  n>  "•  A  . 

all  6€D’,  r(i0,A)  =  J  //  /-£  V1"  V  Vxi  }  K, .  (*j' V’V.  (x^^) 


+  2  L2i5  i  <x0'xi*  f  rm  (xi“'  0^  hu0  (x0~‘  0*  d'Vlx0<lx  i 


k  . -A, 

£  /  /  2  Li9.,!  (Xj-x^dxQdx^ 

i=l  — *■  -  l 


the  Bayes  rule  wrt  t*  for  the  ith  component  problem  is  qivon  by 


6 . ( x )  =  I  (x.).  Now,  since  g.  is  symmetric  about  0n  and  g.(O-) 
1  '  A  ■  1  1  U  XI 

l 

is  increasing  for  0^  >  0QI  so 


sup  g  .  (G  .  )  =g  .  (6-+A+C  )=g  .  (t>  -A-r  )  and 

I  ^  .  .  -  1  1  1U  1U 


ei-00liA+t 


0i-0oliA 


gi(ei)=gi(e0+A)=gi  (t30-A)  - 


Then  by  Theorem  3.1,  we  conclude  that  6  is  a  T-minimax  rule. 

As  an  example  of  this  theorem,  we  consider  the  problem  of 
selecting  binomial  populations  with  entropy  larger  than  a  given 
constant.  For  i  =  i,2,...,k,  let  Il^'vb  (n^ ,  0  .  )  and  1’((k)  = 

(1-0^)  in  (1-0  .  )  where  n^  is  known  and  0^  unknown.  is  t.he 

entropy  associated  with  IK.  Define  IK  to  be  good  if  I'(ik)  i-:  +  i 
and  bad  if  H*  ( 0  _^ )  £  f .  This  is  equivalent  to  saying  that  IK  is 
good  if  |o^-  <_  A  and  II.  is  bad  if  |0^-  ^ -■  (( 

where  A  and  e  satisfy  iMj  +A)=B+c’,  and  ^  +A  +  f  )  =;• K 

.  .  n.-x.  n.-x. 

L2Xj_  (i-  +A  +  c)X(i  -A-t  )  1  4- (I  +  A  +  *  )  1  (±  -A-.  )X 

Let  h^(x)-  L  i  ~  "  n . -x  ,  n . -x  . 

1  1  (1  -A)  1  .(§  «•>  1  (| 

n  .  n  . 

we  find  h .  ( +x)  =  h.  -x)  and 


h  ^ ( x  +  1 ) 
HT  (x) 


1  if  x  > ,  =, 


for  x  <  j~  and  increasing  for  x 
find  0q  =  j,  so  that 


Hence  h^(x)  is  decreasing 


Now,  in  view  of  (6.2)  ,  we 


=  { x j L2 > J I f ^  (x j i  +A+')+f-(xj2  —  A  —  t  )  ] 


•  Lj  *  i  [  f  i  ( x  I  j  4  A )  +f  j  ( x  |  ~  -A  )  ]  I  --  (  x  I  h  i  (  x  )  •  1  ( 
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11*  11.  It.  II  •  A 

=  1  x  |  2~  -itk  <.  x  £  +  nu }  ,  where  f^(x|0)  =  (x1)0x(l-0)  1  and 

n  .  n  . 

2~  +no  satisfies  h^f^p1  +  jto)  =  1.  Then, 

W  =  V(IA. (Xi)1=E0  [IA  (rVXi)] 

11  11 

=  E1_0.IIA.(Xi)1-‘*i(1-°i)'  S°  gi(I  +°i)=gi i'1  '  Now'  by 
Lemma  3.2  and  Theorem  6.1,  6=  ( 6 6  )  with  6.(x.)  = 

I  K  11 


[  n . /2-m .  , n .  ( x .  ) 2  +  m . ] 

l  ill  l 


is  a  i-minimax  rule. 


A  density  function  f(x|0)  is  said  to  be  a  PF  (Polya-Frequency) 
function  if  <>  is  a  location  parameter  and  f(x|")  is  TP.  It  is 
known  that  if  X  has  a  PF  density  f(x-n)  and  f(x)=f(-x),  then  j X ; 
has  a  TP  density  (see  Karlin  (1968)  p.  738). 


Hence , 


f ( x+  0 2 ) +f (x-0  ) 
f  (x  +  ‘)1)  +f  (x-OjT 


(6.3) 


is  symmetric  about  0  and  is  increasing  foi  x  >  0  when  <i  '  "j  0. 

Theorem  6.2.  If  X.  has  a  PF  density  f . (x I o  ) =f . (x-‘f . )  and 
f ^ ( x ) = f . ( - x ) ,  tnen  the  assumptions  of  Theorem  6.1  are  satisfied. 


Proof:  Now  A.  defined  in  (6.1)  reduces  to 

l 


o  =  {  x  +  ''q  | -t  ^  •  x-  t  ^  by  the  monotonicity 


of  (6.3) 


Then  g.  (".  )  "  E  (I.  (X  .))  =P  ( -t  .+■'■_•  Z.+'-.-t.*'- 


where  Z.=X-  ..  Since  Z.  and  -Z.  have  the  same  distribution,  it 

ill  l  l 

follows  that  so  '1  j  (  '  i  +  o  >  ~g  i  <  0_  i  >  *  Ey  Lemma  3.2,  the  assumptions 
of  Theorem  G.i  are  satisfied. 


F 


1  ti 


An  example  where  Theorem  6.2  is  applied  is  when  i!  .  has  a 

c  .  -c ^  j  x  •  -<i  .  j 

double  exponential  density  f.(x|u.)=  c‘  for  i-I»2,. 


In  this  case  the  F-minimax  rule  is 


1' 


)  with 


.  ,  k 


if 


\  !  L-  "cilxi_t'o'/"' 

l  2  e 


+e 


-c  .  x  +■  > 

l  '  l  0 


X.L.  -c  .  x  ■  -  a  n-i\  -c  I  x  .  A  +■ 
l  1  i  i  O'  l  l  0 
e  +e 


6i (xi)  = 


7 .  Bayes  rules  and  minimax  rules. 

In  Section  2,  we  assumed  that  partial  information  about  •  is 
known  and  is  summarized  in  the  class  !' .  In  this  sect  ion,  we 
consider  two  extreme  cases,  namely,  either  complete  information 
or  no  information  about  ■'  is  known.  Then  we  are  interested  in  the 
Bayes  rules  and  minimax  rules  respectively.  The  problem  wi I  1  be 
treated  under  the  assumption  that  tg  is  unknown  and  N(e.,n?) 

for  i  =  0 , 1 ,  . . . , k .  Assume  that  n  has  a  normal  prior  distribution 
with  mean  and  variance  6^,  then  t<  ^  |  X  (a  .  , )  where 


2^  ,  2  2./2 

lili  .  ,2  ii 

ai  =  - 2~r  and  bi  =  ~~2~Z2 ' 

°i+fci  ni+(-i 


With  the  same  loss  function  as 


defined  in  (2.1),  it  can  be  easily  shown  that  the  Bayes  rule 


6B=<6®, 


,fB)  where 


<5B  ( x )  ■ 


1  if  L2Pl!^rf;0-  ■/.  +  .  ;xifx0: 


'  0 


l.,p( 


"  i  ’  "0 


if 


L2  [♦(-yi-A  !)+t(y.-A'-.  •; 

L^^ty.+Ap-HypTTpT ' 


(7.  ! 


0 


]  9 


B 


1  if  IVili  si 


a .  -a. 


u  *i  “0  .  ,  A  ,  r  ,  ,  /  ,2,2  ,  B  . 

where  y.  =  -g-; - ,  A!  =  g-p,  t  J  =  g-p,  bj  =  /  bQ+bi  and  si  is 

i  i  i 

the  positive  root  of  the  equation  (7.1)  with  inequality  replaced 
by  equality.  The  following  theorem  determines  the  minimax  rule. 


Theorem  7.1.  Let  a=  (a^ , , • . . , a )  and  1=  ( 1 , 1 ,  .  .  . , 1 )  and  let 
MM  M 

i*>  =(<S  ,...,(S  )  be  the  i'-minimax  rule  in  D‘  for  1=1  (a,l-a)  (see 
(3.3)).  If  a^  is  chosen  such  that  q^(a^)=l  for  all  i=l , 2 , . . . , k, 
where 


t .  (a) +A+<  -t .  (a) +A  +  t 
L 2  ( !'  (  ~  n - )-'!  ( — — n - )  1 


n 

l 


qi(a)  "  *  - 1  •  ( a )  +  A 

L1 1  ^  (  ~7TT - 


r,  ! 

1 


- 1  •  ( a )  -  A 
)+*( — L— - )  ] 


n  : 

l 


(7, 


M 

t.hon  is  a  minimax  rule. 


Proof:  For  R  1  (  0  ,  op  =1^?  [  |  xi-x()  |  >t^  (ai  )  |  -*0  ,  'K 


-t  (a  )-V  i-V  -t  (a  )  +  (0  -o  ) 

=  L^'M— i - ~T - ~ - —  )+*( - - - - - - —  )] 

i 


- 1  •  ( a . ) - A  -t  •  (a . ) +A 

L x  1  ( — - — Tpr - )+<•(■■  - )  1  . 


Similarly,  for  <?€R^  , 

.  .  .  ..  t  .  (a.  )  +A  +  .  -t  •  (a.  )  +  A  +  . 

R  1  (",  lM)  I.  (  !  (-- — .4- — -  )-'*.  (  4 - )  I  • 

1  Z  i  i 

If  then  R * i ^  (  -  , > ^) =0 .  Now  from  (4.4)  and  (4.6),  we  cot 


2) 
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lim  inf  r  (t  ,6^  ) 
n  in 

n*-1" 


-t • (a . ) +A  -t • (a . ) -A 
>  L.a[»(-  "~~t~ - )+*(  t  - )] 

—  1  O  .  o  . 


t .  (a  .  )  +A  +  t  -t  ■  (a  .  )  +A+>' 

+  L2  ( 1-a)  [4)  (— - i, - )-»(  1  --f - )i 


-t • (a . ) +A  -t • (a . ) -A 

=  L  .[>( — ±— t - )+M-  f  )  1 

i  i 


t.(a.)+A+f  -t .  (a  .  )  +.'.+t 
-  - )] 


Then, 


_  sup  R^(0,6M)  for  all  i  =  l ,  .  .  .  ,k  . 

bC3  '  1 

lim  inf  r(r  ,6^)  j  lim  inf  r  ( 1 )  (  t  ,  ?n) 
n  ►“  ’  i=l  n  k<*> 


_>  J  sup  R^^(0,5^)  •>  sup  R(0,(SM). 
i=l  669  "  069 

It  follows  that  is  a  minimax  rule. 


Let  y . (a , x)  = 


L2(l-a)  fo!U) 


i  '  '  '  L  a  g  ,  (x)  ' 

i 


then  (a,t^  (a)  )  =1  by  (4.2),  which  implies  that  t^a)  is  a 

continuous  function  of  a  by  the  implicit  function  theorem. 

Hence  q^(a)  is  a  continuous  function  of  a,  for  0- a-  1.  Now, 

lim  q .  (a )  =1  im  q  .  (a )  =  00  by  (7.1)  and  (7.2).  Also,  for 

a-1  t. (a)  —  1 


Q  L-expf-e  (2A+O/20.  ]  Q  „ 

a;  = - 2~ '  tj(a^)=0,  so  q^(a“)=0.  Then,  by 


0 


1  L^  +  L2exp (-(  (2! +i  ) /2o^ ] 

the  continuity  of  q^  there  exists  an  a^(a^a^'l)  such  that 
qi<ai)=l.  This  shows  that  a  minimax  rule  always  exists 


(7.  3) 


t. 
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8 .  Comparison  among  Bayes,  I’-minimax  and  minimax  rules 

When  one  faces  a  decision  problem,  the  choice  of  the  optimal 
rules  depends  on  the  prior  information  one  has.  In  general,  one 
would  use  Bayes  rules  if  the  prior  distribution  is  known  exactly, 
use  I'-minimax  rule  for  incomplete  prior  information  and  use 
minimax  rule  if  no  prior  information  is  available.  Hence  one  is 
interested  in  studying  the  robustness  of  these  rules  against  the 
assumption  of  the  prior  information.  In  this  section,  we  compare 
these  rules  in  terms  of  the  Bayes  risk,  maximum  risk  over  !’  and  the 
maximum  risk  over  3*.  Since  the  loss  function  is  assumed  to  be 
additive,  the  comparison  is  made  for  the  first  component  problem 
only.  In  this  section,  x=(xQ/x1),  e=(fto'"l^  and  B  ( (l )  =d  i  Q  ^  Q  )  d  ;  1  ( •■  ^  )  , 

where  ■».  N  ( ^  ,  dj)  f  or  i  =  0,l.  Let  *B  <?>  =1  ,_t  t_J  {a,  -an)  be  the 

DO  1  U 

2  2 
i .  .  +x  .  ;•  . 

Bayes  rule  wrt  t  (see  Section  7),  where  a.  =  — ^ - = -  for  i  =  0,l. 

U  1  + 

l  l 

Also,  Let  cS_(x)=I  r  ,  (x.-x„)  be  the  F-minimax  rule  in  D'  and 

G  1_tG,tGJ  1  U 

1..  ( x)  =  I  ,  ,  (x . -x_ )  be  the  min  imax  rule .  Define  r.  (>)=r  ^ 

M  1  u  1  1 

r  o  (  1 )  —sup  r  ^ '  ( i  ,  ■' )  and  r  -,(■')  =sup  r  *  ^  ( t  ,  ^ )  . 

Then,  r1(f,B)=L1P  [|ara0|  t0,  !  "  l  ~'-0  !  Ir  1  +  (  1  ax -aQ  j  itg  ,  | - }  -  "  Q  ,  _  '  +  ■  1  . 

B  B 


Let  d  '  wi  2  2 '  ^ 

i  +  l  i 

2  ,  2 .  ,2  ,  2  2  .  ; 


u^  =  i'.Q  +  l;^  and  v  =Wq+w£.  Then,  we  find  that 


I 
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where  p  =  — . 

u 


Hence  r .  (<S  )  = 

1  D 

L1{F(-B1,C;-p)+F(-B1,D;-p)+F(B2,C;p)+F(B2,D;(,)  i 
+  L2{F(B1,D-A;p)+F(B2,D-A;p)+F(B1,-C-A;p)+F(B2,-C-A;-I.)  \  , 

where  B]_  =  B 2  =  A=  C=  D=  and 


F(x0,y0;p)=PfZl-X0'Z2-y03  with 


Similarly,  ^  I  SG> -qp  I  |  X^X  |  > V  |  8  |  <A  )  iqP  l  |  q-x,,  \ 

B  B 


=  h1  [F(-G1,C;-p'  )+F(-G1,D;-p’  )+P(G2,C;p'  )+F(G2,D;  o  *  )  ] 

+  L2 [F (Gl , D-A; p ' ) +F (G2 , D-A;  p  '  )  +F  (Gj. , -C-A;  -t  '  )  +F  (G2  , -C-A; -P ’ )  1  , 

— d  a  a  y  y 

where  G,  =  — — ,  G„  =  — — ,  y  =o„+a7+p  and  p '  =  -. 

1  Y  2  y  1  0  1  y 

Since  and  6^  have  the  same  form  except  for  the  constant  t 

-tM_d 

and  tM>  so  if  we  let  =  - -  and  M2  •-  — - - and  replaces  Gj, 

G2  by  Mj  ,  M2>  respectively,  in  the  above  formula,  we  qet  rj(A  ). 
The  followinn  Lemma  is  used  to  compute  the  maximum  risk  over  I'. 


Lemma  8.1 


([.)=L1>1(1- 


inf  I 

°rV'-A 


[<S  (X)  ]  )+I,2X  * 


sup 

°rh2l: 


K„  [A  (X) 


Proof:  is  trivial.  To  prove  the  other  inequality,  let  i 

and  {6'}  be  two  sequences  such  that  ft  v  \ 0 i  i " , -n „ 1  •  / ■> , 

‘■'n  f  t  0  |  )  0 1~f‘0  I  }  and  E  [6(X)]»  inf  K,  [MX)|, 
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E  .  ,  [  6  ( X )  ►  sup  E..  [MX)].  Let  i  be  defined  by  P  [  0  =  0  )  -  \ 

u  i  ,,  i  .  \j  n  ini 

n  n 

and  P  [  0  =  id  *  ]  =  A  '  ,  then 

i  -  n  i 
n 

r  Ji)=sup  r*1*  r  (i  ,  6  )  =L,  X  ,  [1-  inf  E  [ 6 (X) ]  ) 

rcT  n-*00  j  ^ i —  ® o  *  —  A 

+  L~ A ’  sup  E, [6(X)j.  This  finishes  the  proof. 

1 1 °1~°0 !lA+i  ' 

-t  -A  -t  ,+,'i 

From  Lemma  8.1  and  (4.5),  we  get  r- (6  _)  =L,  A  [4>( — t — )+4'(- — r — )] 

^  11  0  ^  1  ^ 

t  -A-!.  -t  -A-, 

+  — >-'t  < -T]— '!• 

_tM+A  ~V' 

When  t(,  is  replaced  by  t^,  we  get  r2  <<$M)  =  ( A  ^+A  2)  L^  K  ( — — f — )+v( — — — )1 

2 

To  find  r2(6Q),  first  note  that  a^-aQ  |  0  ^  ,  0  q^N  (11  ,  r  )  where 


.  lilli.  .  loio_  “i°  1  .  vj,  ,  2,  ^°i  +  0 

*Wo  "  <«!«!>*  ,po«o|2' 


vu,  -v- 


»»«•>%  |‘'b1x>  >-p„  <-r-'  - 


(8.1) 


then  q_  ( )  =  gD  (-p  )  and  qr.(u)  is  decreasing  in  |  u  |  . 

D  D  D 

We  consider  the  following  two  cases: 

2  2  0  2  ,,  2 

11 0  °i  ‘'n  ,, 

(a)  if  “2  ^  j  t*len  ~"2 - 2  ^  “2 - 2'  Let  '!l  =  t'o  *  '  '  then  j  ;<  ,  *  ■  . 

f'0  ei  1'1+<T1  fJ0+Q0 

So,  inf  E.  I A_ (X)  I =lim  g  (u)=0  and  sup  E  ( A  ( X ) ] =up ( 0 )  , 

!V.0iiA  M~  *  !  vV-'*'  : 

because  (  <>  |  |i  =  0  )il  f  n  j  |  0  -0^  j  >A  0.  Hence,  r  2  (  J  =  Ijj  ■'  j  +Ij2  *  ^  ^  ' 


2  2 

'o  °i  2  1  2 

(b)  I  f  — =•  =  — j  =  e  ,  then  u  =  - 2  l^<ii_"n)+e  (a.-<0)].  So,  when 

p0  ('l  1+e 


i 11  i~‘  o  I ’  the  rnaximum  value  of  |  u  ;  is  n 


0  =  r1  2  iA+02 1  i-«o !  1  - 

Up 


(8.2) 


When  ]  8  ^-0  0|  >_A+t  ,  the  minimum  value  of  |p|  is  0  if  e  I  <*  ^-“qI  ; 


and  is 


Mj_=  — — 2  [  (A+e  ) -e2  |  aj^-oiQ  |  ]  if  e2  |  a  ^-a  Q  |  <_A+e  . 


(8.3) 


Hence,  we  get 


r2(V  = 


[l-gB  (iiQ)  ]+L2A|gB(0)  if  e  1 «  I  iA+f 


L1A1[l-gB(iJ0)  ]+L2A  jgB(u1)  if  e  1 01 1-a0 1  iA+t  ' 


where  gB  is  defined  in  (8.1).  To  find  r^(.),  we  need  the  foDowinq 


lemma . 


Lemma  8.2.  r  ,  (6 ) =max{ L.  ( 1-  inf  E„  [6  (X) ] )  ,  L„  sup  K  I  A ( x ) ]  1 

3  1  | e1-e0j<A  5  -  2|o1-o0|  ,a+«. 

Proof:  The  proof  is  similar  to  that  of  Lemma  8.1. 

-tM~A  "tM+A 

Now,  from  Theorem  7.1,  r  3  <  6  M>  =L^  (-^-7 - )+4>(-^-f — -)  ]  = 


t  -A-e  -tM-A-e  -t„-A 

L„[<H-  -)-»( — ^ - )].  From  (4.5),  r  ,  (6  )  =max{  L,  [4>  (— — 1 )  + 

£  O  ,  O  ■,  JO  j  o. 


-t  +A  t  -A-e  -tr-A-e 

<M~? — )  1  ,  L2[<H-^-i - ^ - )]}'  We  also  find  that  r3('B)  = 

2  2  2  2 

°  0  °  °g  °1  2 

max{ L-.  , L_gQ  ( 0 )  }  if  — ~  ^  — sr.  For  — ~  =  e  , 

82  82  B2  B2 


r3(V  = 


MaxfL1(l-gB(u0) ) ,L2gB(0) }  if  e  l«1-«0liA+t 


Max{ L^ ( l-gB (Uq) >  L2gB^yl^  if 


where  Pg  and  |j^  are  defined  in  (8.2)  and  (8.3).  Thus  we  have 
all  the  formulas  needed  to  compute  the  tables  for  comparison. 
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Table  I,  II  exhibit  tD ,  t„,  tM  and  r.(6)  for  6  =  6  _ ,  <S  ,  and 

D  Vj  n  1  DO 

tSM<  i=l,2,3.  They  are  arranged  in  the  following  manner; 


'M 


rl(<SB*  r2(6B^  r  3  ^B  ^ 
rl(SG)  r2(6G)  r3(6G) 

rl(V  r2(6M)  r3(6M) 


2  2 

0 1  0  0  2  2 

The  tables  are  computed  with  —  =  —  =  a  and  (an , Bn ) = (0 , 1 ) 

n  ^  n  Q  u  u 

selected  values  of  the  variables  are: 


2 

(1)  a  is  .2  in  Table  I  and  is  .5  in  Table  II. 

(2)  is  chosen  as  (0,,5),  (0,1),  or  (0,2). 

(3)  A  is  chosen  as  1.  or  1.5. 

(4)  For  A=1 . ,  c  is  chosen  as  .3  or  .8. 

For  A=1 . 5 ,  e  is  chosen  as  .5  or  1. 

2  2 

(5)  For  (a^,f3^),  A,  e,  and  a  fixed,  A^  and  A^  are  computed 


The 


so  that  i  €  r . 

IJ 


Discussion  of  the  Tables 

It  is  seen  from  Table  I  and  II  that: 

1.  Minimax  rules  compare  favorably  with  T-minimax  rules  in  terms 
of  r2  (.),  and  with  Bayes  rules  in  terms  of  the  risk  ^(. ) . 

2.  The  Bayes  risk  of  the  I’-minimax  rules  is  only  a  little  more 

than  that  of  Bayes  rules. 

2 

3.  When  (a-^  ,  8^  )  =  ( 0 , 1) ,  the  performance  of  Bayes  rules  is  close  to 

F-minimax  rule  in  terms  of  r2<.)  and  close  to  that  of  the 

,  .  2 
mxnimax  rule  m  terms  of  r3(.).  If  (a1,81)/(0,l),  Bayes  rules 

show  some  large  increase  of  risks  and  i3<.)  w^<?n  compared 

with  f-minimax  rules  and  minimax  rules,  respectively.  To 

illustrate  the  use  of  the  tables,  let  us  look  at  the  following 

example : 

Example  8,1.  Type  (control)  machines  produce  part  P(p)  where 
p  is  the  diameter  of  P,  and  p|I!q  N(0Q,1).  Type  and  !l  ? 

machines  produce  part  Q^(q^),  and  q^|!K  N  (0.^,1)  for  i=l,2,3. 

Let  us  assume  that  when  |0^-0q|  £  1.5,  part  P  and  part  can  be 

matched,  and  when  2.5  they  cannot  be  matched.  Assume 

that  the  partial  prior  information  r  is  as  follows: 


P[ 

l0reoi 

< 

1. 5J=. 78 

pi! 

f*  x  -  0  0  |  >  2.5]  =  .  04 

P[ 

1  9  2-0  0 1 

< 

1.5]=. 71 

pii 

0 2 - 0 q 1  >  2.5]  =  . 00 

P[ 

'W 

|  < 

1.5]=. 61 

PI! 

»3-00i  I  2.5]=. 15 

Now, 

there 

are 

machines  aQ, 

al’  d2 ' 

for  sale  where  a  C 
3  2 

i=0,l,2,3.  Suppose  we  can  take  5  samples  from  each  machine  and 

let  Xi  be  the  mean  diameter  of  the  samples  from  machine  a . ( i  0 , 1 , 2 , 3 ) . 

Since  A=1.5,  t.  =  1.0,  from  Table  I,  the  ; -minimax  rule  is: 
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al 

is 

good 

for 

ao 

iff 

I5i-x0! 

< 

3.1757 

a2 

is 

good 

for 

ao 

iff 

iw 

< 

2.8887 

a3 

is 

good 

for 

ao 

iff 

!x3-x0| 

< 

2. 5663 

If  wc  feel  the  claim  regarding  the  partial  prior  may  not  be 

correct  and  we  would  rather  assume  that  there  is  no  prior  information, 

then  we  might  use  the  following  minimax  rule:  is  good  for 

ao  iff  IV*0I  -  2,0  for  i=1'2'3* 

If  from  some  other  source,  we  know  that  0^  'u  N(0,1),  f< .  %  N(0,5), 
o_  N(0,1)  and  %  N(0,2).  Then,  we  might  use  the  Bayes  rules, 
from  Table  I  we  get 

a^  is  good  for  aQ  if  | j  X^-  ^  XQ  |  £  2.0 

a2  is  good  for  aQ  if  | X2  —  XQ ]  ^  2.4 

is  good  for  aQ  if  |—  X^-  ^  X |  <_  2.0 

If  we  are  not  sure  about  the  definiteness  of  any  prior  information, 
we  may  then  use  the  rule  which  is  most  robust  to  the  assumption  of 
the  prior  distribution.  So  from  Table  I,  we  may  use  F-minimax 
rule  for  a^,  use  Bayes  rule  for  and  use  minimax  rule  for  a^. 


i 
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